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Discriminant Analysis for Fast Multiclass Data
Classification Through Regularized Kernel

Function Approximation

Santanu Ghorai, Anirban Mukherjee, and Pranab K. Dutta

Abstract—In this brief we have proposed the multiclass data classi-
fication by computationally inexpensive discriminant analysis through
vector-valued regularized kernel function approximation (VVRKFA).
VVRKFA being an extension of fast regularized kernel function approxi-
mation (FRKFA), provides the vector-valued response at single step. The
VVRKFA finds a linear operator and a bias vector by using a reduced
kernel that maps a pattern from feature space into the low dimensional
label space. The classification of patterns is carried out in this low dimen-
sional label subspace. A test pattern is classified depending on its proximity
to class centroids. The effectiveness of the proposed method is experi-
mentally verified and compared with multiclass support vector machine
(SVM) on several benchmark data sets as well as on gene microarray data
for multi-category cancer classification. The results indicate the significant
improvement in both training and testing time compared to that of mul-
ticlass SVM with comparable testing accuracy principally in large data
sets. Experiments in this brief also serve as comparison of performance of
VVRKFA with stratified random sampling and sub-sampling.

Index Terms—Discriminant analysis, function approximation, multiclass
data classification, support vector machine (SVM).

I. INTRODUCTION

The multiclass data classification is important in many applications
such as text classification, optical character recognition, speaker recog-
nition, diagnosis of diseases in medical study, etc. The multiclass clas-
sification approaches available in literature can be principally parti-
tioned into two groups. The first group of algorithms gets natural ex-
tension from its binary predecessor. Algorithms such as linear discrim-
inant analysis (LDA) [21, pp. 106–119], nearest neighborhoods [21,
pp. 463–483], regression and decision trees including C4.5 [36] and
CART [7], neural networks [12], etc., belong to this category. The
second group consists of methods that involve decomposition of multi-
class problems into a number of binary classification problems [1]. The
state-of-the-art support vector machine (SVM) [11], [41] being a binary
classifier fits into the second group. A number of binary to multiclass
extension approaches, such as one versus rest (OVR) [6], one versus
one (OVO) [25], directed acyclic graph SVM (DAGSVM) [35], and all
at once [10], [43], are available in literature. Hsu and Lin made a com-
prehensive comparison of these methods in their paper [22]. The dif-
ference among all these methods lies in the training time, testing time,
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and the number of trained classifiers by a particular method. The de-
composition techniques (multiclass to binary) have the following lim-
itations: 1) each binary SVM classifier requires ���� � time to train,
where� is the number of training samples and the range of � is usually
� � ����� ���� [23]; 2) it requires large memory to store the dense kernel
matrix for large problem; 3) the prediction time of a new test sample
also increases significantly with the increase of number of support vec-
tors as well as number of classes; and 4) large training and testing time
make the parameter tuning task tedious for large data set.

On the other hand, LDA approach can be easily extended to mul-
ticlass data discrimination [21]. Hastie et al. [20] showed that by re-
casting LDA as a regression problem, the performance of LDA can be
improved by regularized optimal scoring method. This leads to an alter-
nate approach of solving multiclass problem in a regression-based so-
lution framework [19], [20]. Inspired by this regression approach, Chen
et al. [9] used the multiresponse support vector regression (SVR) [42]
for the multiclass problem. They extended it by incorporating different
encoding scheme and nonlinear least square SVR (LS-SVR) [38] and
epsilon smooth support vector regression ��� ��	
� [26] by kernel
trick. However, this regression-based approach of multiclass data clas-
sification is less explored compared to multiclass SVM. Moreover, all
the regression techniques (except LS-SVR and �� ��	
) are not in-
vestigated in this framework on the benchmark data sets in machine
learning and data mining applications.

In this brief, we have presented a comprehensive experimental study
of the use of LDA for multiclass data classification through regres-
sion. For this purpose, we have used vector-valued regularized kernel
function approximation (VVRKFA) by extending our previous formu-
lation of fast regularized kernel function approximation (FRKFA) [15]
to get a vector output in one step. VVRKFA finds a linear operator and
a bias vector to map a pattern from a high-dimensional feature space
to a low-dimensional label or target space. VVRKFA uses very few
kernel basis functions, selected randomly from the training patterns, to
approximate the operator and bias vector while it uses full data set for
training. The classification of a test pattern is performed in the label
space by the nearest Mahalanobis distance of a fitted pattern to a class
centroid. We have evaluated the performance of our method on a large
collection of benchmark data sets and investigated its usage in mul-
ticlass cancer classification using gene microarray data. The experi-
mental study is carried out to verify the performance of VVRKFA with
stratified random sampling and subsampling, respectively. The results
show that the difference in performance among these two methods is
statistically insignificant. In addition, the results indicate that the clas-
sification accuracy of VVRKFA is little lower than that of multiclass
SVM for large data sets but VVRKFA takes less time for training and
testing compared to that of multiclass SVM. For medium and small
sized problem, VVRKFA performs comparably or even better than that
of multiclass SVM in terms of testing accuracy. The proposed method
is also able to provide direct class membership value of a test pattern
in a particular class. Another advantage of VVRKFA is that it can be a
useful tool for visually analyzing the classifiability of the data set with
two or three classes. Thus, the proposed technique may be useful for
problems with up to tens of thousands of data, in terms of low training
and testing time as well as less requirement of memory.

The rest of the brief is organized as follows. In Section II, we have de-
scribed the formulation of FRKFA. In Section III, multiclass data clas-
sification by VVRKFA framework is described. Experimental setup
and results are presented in Section IV. Finally, Section V presents the
discussion and conclusion of the brief.

II. FRKFA FORMULATION

In regression or function approximation problems, we are given
�-training samples ����� ���� ���� ���� � � � � ���� ����, where

�� � 	 and �� � � are the input data and observation, respectively.
It is to learn a function 
��� that can correctly predict the observation
� of test pattern. The function 
 can be learned by the regularization
theory [40] minimizing the following regularized risk functional:

��
���

�����
 � �
�

�
�
��� �

�

�

�

���

 ����
����� (1)

where �� denotes the reproducing kernel Hilbert space (RKHS) with
kernel function ���� ��, ���� is the corresponding norm, � � � is
a regularization constant, and ��� �� is a cost function penalizing the
deviation of �� from 
��� at location ��. Then, the minimizer of (1)
can be described by


��� �

�

���

������� ��� (2)

For very large data sets (with increasing value of �) the evaluation
of the regression coefficients �� requires to store large kernel matrix in
����. This, in turn, requires large training and testing time. To over-
come these difficulties in terms of space and time complexities, we
introduced FRKFA to approximate a function with a reduced kernel
matrix rather than using full kernel matrix [15]. For this purpose, we
fit a nonlinear surface using all the training samples in a space deter-
mined by a random small subset of training data (known as reduced
kernel technique [28]) used as the basis of the Hilbert space. Reduced
kernel technique is successfully applied in many algorithms [13], [14],
[16], etc. See [27] and [30] for more technical details and statistical
properties of the reduced kernel technique. In our FRKFA approach,
we are seeking a nonlinear function to predict a given data set of the
form


��� � ���� � �� ��� � (3)

where � � �� and � � � are normal vector to the surface in �-di-
mensional space and bias term, respectively. � � �� is the input
feature vector in �-dimensional space and � � ���� is a matrix
formed by randomly picking up � rows of the training data matrix
� � ���� and ���� �� is the kernel function that determines inner
product of two vectors in feature space. To approximate the nonlinear
function, FRKFA minimizes the following regularized risk functional
[similar to expression (1)]:
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���� ����� 	 �� �� �� � ��� � � �� �� � � � � � (4)

where �� is the fitting error between the observation and the model
prediction and ���� is the nonlinear transformation � � 	 
 �� such
that����� �
� � ����������
��, where ��� �� denotes the dot product.
The first term of the objective function (4) regularizes the predicted
surface both in space and orientation. The second term minimizes the
sum squared error in predicting the observations. Problem (4) can be
expressed as an unconstrained minimization problem as
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�
�

�
������ ��� ��� �

�

(5)

where � � �� is the observation vector for � training data and � �
�� is the vector of ones. Problem (5) is a quadratic problem and it can
be solved by solving a system of linear equations in �-dimensional
space. To simplify (5), let

� � ������ � � � ���� ��	�
 and � �
�

�
� � ��	� (6)
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so

������ �� �� � ������ � � �� ��� � � �	 (7)

Substituting (7) in (5), the minimization problem reduces to

���
���

	



���� �

�



���� 
 ��	 (8)

Differentiating (8) with respect to � and equating it to zero, we get

��� �
� ���� 
 � � � ��� � �

�
� �� � �

�

 (9)

where � is an identity matrix of size � � �� � � � ��. Thus, the
solution � and hence � and � can be obtained by solving a system of
linear equations of the form �� � � in � � ��-dimensional space.
This can efficiently be achieved by a simple system of linear equation
solver without any specialized software. Once we get the solution of
(9), the nonlinear regression function (3) can be obtained and we can
predict new test data by this function.

III. CLASSIFICATION BY VVRKFA

In order to extend the FRKFA formulation to a vector-valued
function [39], we have used the following notations as summarized
in Table I. Note that we have assumed every Hilbert space with finite
dimension and they are defined over the real numbers.

A. Formulation of VVRKFA

Let us assume the multiclass data classification problem with �

number of classes based on � measurements of input attributes and
training samples � of pairs ����� ��� � �� � ��� �� � ��� � �
�� 
� � � � �	 independently and identically generated by an unknown
multivariate distribution. The dimensions of�� and�� are � and � ,
respectively. The label vector �� of a sample �� of �th class is chosen
as the indicator vector of the classes following the rule

�������� � � � � ��� �� �with ����� and ���� for � 
�� � �	 (10)

The VVRKFA is realized on these training samples by the following
optimization problem:
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���

����
�

�	�	 ������ � �� �� � ��� � � �� 
� � � � � (11)

where � � ���	 is the linear operator, � � �� is the bias vector,
�� � �� is the slack or error variable, and ���������� � �

	,  �
.

Now, let the  label vectors of the training patterns be arranged in
the matrix 
 � ���	. Problem (11) can be expressed as an uncon-
strained minimization problem
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 (12)

with

� � �� �� � ����	��� (13a)

and

� � ������ � �
�

� ��	����	
	 (13b)

The unique global solution of convex objective function (12) can be
obtained by

�� � ��� � 
 ��� � 

� � � 
 �
� ��� � ��

� �
��
	 (14)

Here � denotes the identity matrix of appropriate size. The term � �

 regularizes the condition of the matrix �� � . Thus, the solution of
VVRKFA is obtained by inverting a matrix of dimension � � �� �
� � ��, with the computational cost of approximately ����. This
computational cost remains fixed irrespective of the number of classes
� . Additionally, VVRKFA requires to store the reduced kernel matrix
of dimension � � �� � � � �� instead of storing the full kernel
matrix of dimension � � �� � � � ��, where   . This is
the core advantage of our VVRKFA formulation. Once � is found,
the expression of � and � can be obtained by (13a). This leads to
the following vector-valued function to map a feature vector into the
low-dimensional subspace �� :

����� � ������ � � � �� �
�
� � �

� � �	 (15)

In this way, the differences between the usual regression and
VVRKFA are threefold. First, the targets are vectors instead of real
numbers. Second, � is a matrix in VVRKFA instead of a vector
as in FRKFA. The simple interpretation of � is the normal vector
of the fitted hypersurface for usual regression and this vector is a
projection operator of the feature vectors into a 1-D subspace. In case
of VVRKFA, � extends the range of this projection into multidimen-
sional subspaces whose defining bases are vectors. Third, unlike the
usual regression, the bias term, here, is a vector in case of VVRKFA.

B. Decoding of the Label Vectors to Class Label

A test pattern, in the space �� , is classified depending on its prox-
imity (in Mahalanobis sense) to the class centroids. The Mahalanobis
distance takes into account the data scattering and makes the classifica-
tion rule invariant under scale changes and location shifts. The vector-
valued responses ������� � ��	

	

��� of training patterns ���	
	

��� are
obtained by (15) to form the class centroids of the � classes denoted
by ������ ����� � � � � ����	. Each class centroid ���� is calculated by

�
��� �

�

�

	

���

������ (16)
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where �� is the number of training sample of �th class. A test pattern
�� is assigned a class label ��� by

��� � ����������� �� ��	��
� �
�� ���� (17)

where
�� �

�

���

	�� � �
�����		��

 (18)

is the pooled within class sample covariance matrix, and

����� �
�

�� � �

�

����� ��	

��	��
� ���� ��	��
� ����



(19)

is the covariance matrix of �th class. For two vectors �� and �� with co-
variance matrix ��, ��	��� �����
 represents the Mahalanobis distance
and is given by

��	��� �����
 � 	�� � ��

 ����	�� � ��
� (20)

Alternatively, �� can be assigned a class label by the probability out-
puts according to the rule

��� � ���������� ��	��
 (21)

where

��	��
 �
�� ���� ��	��
� �

������ 	�

�

���

�� ���� ��	��
� ������� 	�

(22)

represents the probability that the pattern �� belongs to the �th class.
If the prior class probabilities �� �� � � � � � are known, then it can be
incorporated in expression (21) as

��	��
 �
� �� ���� ��	��
� �

������ 	�

�

���

� �� ���� ��	��
� ������� 	�

� (23)

We have explicitly stated the VVRKFA algorithm as follows.

Algorithm 1: Multiclass data classification by VVRKFA

Given � training patterns of 
 different classes in �-dimensional
space represented by the matrix � � ����, �� of training data
	� �
 to be selected in the basis matrix � � ����, kernel function
�	�� �
 and regularization parameter � perform the following steps.
Step 1: Form matrix � by randomly selecting � � 	�	�
�����

of training data according to the relative class ratio of the
training sample.

Step 2: Form matrix � � ���� by the label vector �� of a sample
�� according to (10).

Step 3: Form matrix � by (13b).
Step 4: Solve (14) for � and obtain � and � by (13a).
Step 5: Find the vector-valued responses ��	��
 of the training data

by (15).
Step 6: Compute the class centroids ���� and pooled within class

sample covariance matrix by (16) and (19), respectively.
Step 7: Classify a test pattern by either of the rule (17) or (21).

IV. NUMERICAL EXPERIMENTS

This section consists of the description of the data sets used for ex-
perimental study, implementation issues, and comparison of the exper-
imental results with multiclass SVM.

Fig. 1. Synthetic 2-D training data sets. (a) Spiral data set. (b) Annular data
set. Different symbols represent patterns of different classes.

A. Data Set

We have used a wide range of data sets in our experiments as sum-
marized in the following.

• We have generated two synthetic data sets in 2-D to visually
demonstrate the ability of our method for generating highly non-
linear separating surfaces among the different classes. The first
one we have taken is a spiral data set with three classes as shown
in Fig. 1(a). It consists of 300 patterns with equal distribution
in each class. The second data set, shown in Fig. 1(b), contains
five classes with the patterns on each concentric annular region
constituting a class. This data set contains 400, 271, 263, 212,
and 76 patterns in class 1, 2, 3, 4, and 5, respectively.

• Eleven benchmark data sets from the University of California at
Iirvine (UCI) Repository of machine learning data archive [5] and
UCI Statlog collection [31]. Table II provides a short summary of
these data sets.

• Four data sets for multicategory cancer classification using gene
microarray expression data. The details of the data sets, e.g., their
availability, number of samples, number of genes, and number of
classes are given in Table III.

B. Implementation

We implemented the classification Algorithm 1 in MATLAB 7 on
Windows XP running on a PC with system configuration Intel P4 pro-
cessor (3.06 GHz) with 1 GB of RAM. To implement the OVR, OVO,
and DAG multiclass SVM, we have used the software of LIBSVM
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TABLE II
BENCHMARK DATA SET STATISTICS

TABLE III
MICROARRAY DATA SETS USED FOR EXPERIMENTAL STUDY

toolbox [8] with some modifications. We have performed all the exper-
iments with normalized data ���� ��� and a radial basis function (RBF)
kernel of the form����� ��� � �	
����������

��. The optimal reg-
ularization and kernel parameters are selected from the set of values by
tuning a set comprising random 30% of the training data for all data sets
separately. The regularization parameter � of VVRKFA and SVM are
selected by tuning from the set �� � ����� � ������    ���� and
�� � ���� � ������    � ���, respectively. The kernel parameter �
for both methods is selected from the set �� � ���� � ������    � ��.
Once the parameters ��� �� were selected, the tuning set was merged to
the training set to learn the final classifier. The training data were ran-
domly permuted before performing the tenfold cross-validation testing
[32].

We have selected the reduced set for VVRKFA by two-way-strat-
ified sampling and subsampling, from the full training set �. In
stratified random sampling, the population is divided into a number
of strata and a fixed proportion of random samples are taken from
each stratum (class). This ensures the representation of data from each
stratum (class). The inclusion of at least one sample from each class
has been ensured in highly unbalanced data set. In random subsam-
pling, the same fixed proportion of samples is randomly taken from
the whole population without forming any strata. The test accuracy of
these methods is compared with multiclass SVM.

Concerning the choice of the reduced set size for training of
VVRKFA, we formulated a methodology as explained in case of
vehicle data set. Fig. 2(a) shows the variation of the training and
testing accuracy with that of the reduced set size while Fig. 2(b) shows
the effect of reduced set size on the training and testing time. Fig. 2(a)
implies that with the increase of reduced set size beyond a certain
limit (60% in this case) both the training and the testing accuracy
remain almost invariant. From Fig. 2(b), it is observed that the training
time increases sharply with the size of the reduced set although the
variation of testing time remains insignificant. Thus, a reduced set size
of 60% is almost sufficient to represent the full kernel matrix. The

Fig. 2. Effect of reduced set size on (a) the training and testing accuracy and
(b) the training and testing time.

reduced kernel size of VVRKFA can gain significant improvement in
training time at the cost of little degradation of classification accuracy.
This will prevent the classifier from being overtrained. For each data
set, a similar experiment has been performed to select the size of the
reduced set.

C. Experimental Results

1) Results on Synthetic Data Sets: In order to visually demonstrate
the ability of VVRKFA to separate the nonlinear patterns, we have di-
vided the available patterns randomly into training and testing set with
a ratio 6 : 4. The classifier is trained with the training data set by se-
lecting basis patterns randomly by stratified sampling from the training
set. The learned VVRKFA classifiers on spiral and annular data sets are
shown in Figs. 3 and 4, respectively. For both cases, VVRKFA gener-
ates very distinct regions for all the classes. From the figures, it is ob-
served that VVRKFA offers 100% and 97.75% testing accuracy on the
spiral and annular data sets, respectively. The high training and testing
accuracies in both cases establish the discrimination power of our al-
gorithm for generating highly nonlinear separating surfaces.

2) Results on Benchmark Data Sets: For benchmark data sets we
have carried out experiments similar to [22], i.e., we have provided
the testing set accuracies as training and testing data are separately
available for DNA, satimage, letter, and shuttle data sets without em-
ploying any shrinking technique. For other data sets, we have provided
tenfold cross-validation accuracies. The testing data are normalized
according to the training data. For other data sets, we have provided
average testing accuracies of standard tenfold cross-validation perfor-
mance. The optimal parameters ��� �� for each method were selected
separately.

Table IV presents the result of comparing VVRKFA to that of the
three realizations of multiclass SVM with LIBSVM software. The best
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Fig. 3. Learned VVRKFA classifier on the spiral data set with reduced set size
70% of the training data, and � � �� , � � � . Training accuracy � 100%
and testing accuracy� 100%. The patterns with different symbols shown in the
figure are selected by a stratified sampling and used as the basis matrix for the
kernel.

Fig. 4. Learned VVRKFA classifier on annular data set with reduced set size
60% of the training data, and � � �� , � � � . Training accuracy � 99.73%
and testing accuracy � 97.75%. The patterns with different symbols shown in
the figure are selected by a stratified sampling and used as the basis matrix for
the kernel.

classification accuracy is in bold face. The accuracy and standard devi-
ation figures, listed in Table IV, are based on the 50 replicate runs. Each
replicate run is based on the different randomly chosen (with replace-
ment) reduced set of the same size and the same model parameters.
The training data were permuted randomly before each replicate run
and the same training and testing folds are used to evaluate the perfor-
mance of each method. For VVRKFA, we present the testing accuracy
figures obtained by selecting the reduced set by both stratified random
sampling and subsampling.

For DNA, satimage, letter, and shuttle data sets, the testing accu-
racies in Table IV, obtained by VVRKFA method, are average of 50
replicate runs as the reduced sets are selected randomly, but for mul-
ticlass SVM, the figures represent the testing accuracies of single run.
Besides optimal parameters, the percentage of training data selected as
reduced set (for VVRKFA only) and testing accuracy for each data set
we also reported �-value in 5% significance level. The �-value was cal-
culated by performing a paired �-test [32, p. 148] comparing all other
classifiers to VVRKFA (with stratified random sampling) under the as-
sumption of the null hypothesis that there is no difference between the
test set accuracy distributions.

From the results of Table IV, it is observed that there is no statistical
difference in classification accuracy between the VVRKFA methods
obtained by selecting the reduced set by stratified random sampling
and subsampling. For all the data sets, the �-values among these two
methods are greater than 0.05 which implies that the mean testing ac-
curacies of these two methods are almost the same. The small value
of standard deviation of the classification accuracies in both cases in-
dicates that the random selection process is stable. The stability is in
the sense of invariance of classification accuracy due to this random se-
lection. Additionally, it is observed that there is statistically significant
difference in testing accuracy between the VVRKFA and the three real-
izations of the multiclass SVM in many cases. For example, VVRKFA
with stratified sampling performs significantly better than OVR mul-
ticlass SVM on all the seven data sets used for tenfold cross valida-
tion. Conversely, OVO and DAG multiclass SVM perform significantly
better than VVRKFA only on vowel and glass data sets. For other five
data sets, VVRKFA shows significantly better performance (except on
segment data set by OVO) than these two methods. Out of the four
large data sets, the classification accuracy of the VVRKFA method
with subsampling is significant on letter and satimage data sets than
that of the VVRKFA method with stratified sampling. On the other
hand, VVRKFA offers little lower classification accuracy than that of
the multiclass SVM on DNA, satimage, and shuttle data sets. But in
case of letter data set, all the three versions of multiclass SVM out-
perform the VVRKFA in term of testing accuracy. Thus, the overall
classification accuracy of VVRKFA is competitive to that of multiclass
SVM.

In Table V, we have shown the training and testing time of each
method compared in Table IV. For the four large data sets, it repre-
sents the central processing unit (CPU) training and testing time on the
training and testing data, respectively. For other seven data sets, both
of these training and testing times represent average CPU training and
testing times, respectively, in 50 replicate runs required for each fold
in the tenfold cross-validation testing. From Table V, it is observed
that for small data sets, such as wine, iris, glass, and vowel, VVRKFA
takes comparable training time to that of OVR SVM but it takes slightly
higher time than that of OVO and DAG SVM. It is observed that mul-
ticlass SVM takes higher training time than that of VVRKFA for large
data sets. The time requirement is larger in case of OVR SVM than that
of OVO and DAG SVM. This is due to the fact that both OVO and DAG
SVM solve relatively smaller sized binary problems than that of OVR
SVM. The real improvement in training time by VVRKFA is observed
in case of large data sets, such as satimage, letter, and shuttle data sets,
where VVRKFA takes less time for training compared to the three ver-
sions of multiclass SVM. Again, it is observed that the testing time
of VVRKFA outperforms all the implementations of multiclass SVM
for all the data sets. The most significant improvement of testing time
has been observed in large data sets such as letter having 5000 testing
data distributed in 26 classes. The important fact to note here is that the
LIBSVM software is implemented in C language with sequential min-
imal optimization (SMO) technique whereas VVRKFA is implemented
in MATLAB [8]. Thus, our simple VVRKFA algorithm on MATLAB
platform is competitive to SVM implementation on LIBSVM.

3) Results on Microarray Data Sets: As an application to a realistic
problem, our method was applied to four tumor classification prob-
lems using gene expression profiling data [3], [4], [24], [33]. In case
of microarray data, the sample size is much smaller than the number
of genes. Hence, it is necessary to identify a small subset of genes pri-
marily responsible for the disease [18], [29]. For this purpose, we have
used maximum relevance minimum redundancy (MRMR) method of
feature selection [34]. To select very few genes for each data set, we
have followed our procedure as in [17]. We divided all the available
samples of microarray randomly into training and testing with a ratio
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TABLE IV
COMPARISON OF TESTING ACCURACY BETWEEN VVRKFA AND THE THREE REALIZATIONS OF MULTICLASS SVM USING THE GAUSSIAN KERNEL

TABLE V
COMPARISON OF TRAINING AND TESTING TIME (IN SECONDS) OF DIFFERENT METHODS

7 : 3. Then, we applied MRMR method on training data only to rank the
first 25 features. Based on such 100 replicate runs, we have ranked the
genes according to their frequency of selection in the ranking of first
25 genes. Finally, we have selected first ten genes from this ranking
for training and testing. In order to overcome the selection bias [2]
and evaluate the true classification performance of our method, we ex-
cluded the testing samples from the classifier building process, i.e., data
normalization, gene selection, and model parameter selection [2]. We
selected 70% of training data randomly as the tuning set. Once the pa-
rameter is selected, the tuning set is retained to the training set. The
final classifier is trained on the all training samples. The training data
set is normalized (featurewise) to zero mean and unity variance. The
testing set is normalized by the mean and variance of the training set.
We have compared the classification performance of VVRKFA with
that of the OVR, OVO, and DAG multiclass SVM classifiers using
LIBSVM. Since the number of training samples is small in microarray

experiment, we have used the full training set as the basis vectors of
the kernel for VVRKFA.

Table VI shows the comparison of classification accuracies based
on 50 replicate runs. The �-value in 5% significance level is provided
by performing a paired �-test comparing VVRKFA to other three SVM
classifiers. The results show that for lung, brain tumor2, and leukemia2
data sets, the performance of VVRKFA is comparable to the three
different realizations of multiclass SVM. On SRBCT data set, both
OVR and DAG SVM provide significantly better classification accu-
racy than that of VVRKFA. Thus, the proposed VVRKFA scheme per-
forms equally or better to that of multiclass SVM classifier in terms of
classification accuracy on microarray data sets.

V. DISCUSSION AND CONCLUSION

We have compared the performance of VVRKFA with that of the
three decomposition methods using SVM based on LIBSVM. For both
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TABLE VI
COMPARISON OF TESTING ACCURACY ON MICROARRAY DATA SETS

methods, the training is accomplished using all the available training
samples. But VVRKFA randomly selects a small portion of basis func-
tions from the full set to generate a reduced mapping model, while it fits
the entire data set during training. Each candidate basis in the full set
has equal chance of being selected. We have shown the reduced set se-
lection methodology of VVRKFA. Obviously, the size also depends on
the practical situation such as how large the problem is. For example,
the reduced set size is 90% for iris and wine data sets whereas this is
0.5% for shuttle data set as evident in Table II. We have performed the
experiments to compare the effect of reduced set selected by stratified
random sampling and subsampling. Experiments indicate that the test
accuracy of VVRKFA using these two methods of sampling is gener-
ally statistically insignificant. This fact is also verified in case of shuttle
data set where the class distribution for the seven classes is 34 108, 37,
132, 6748, 2458, 6, and 11. Since the shuttle data set contains 43 500
training samples, we observed that only 0.5% of patterns is sufficient
for this data set. In stratified sampling method, there will be no pat-
terns from the class 2, 6, and 7 in the reduced set. Conversely, in random
sampling method, there is a chance to have member patterns from these
classes in the reduced set. In the experiments based on 50 replicate runs
with different reduced sets on the shuttle data set, it is observed that
there is no statistically significant difference in classification accuracy
between the two sampling methods of VVRKFA. Therefore, the strat-
ified random sampling (with replacement) may not worsen the unbal-
ance problem as the training of VVRKFA is performed on full training
set. The improvement in training and testing time is the principal inspi-
ration of VVRKFA. We have observed that its MATLAB implementa-
tion is competitive to that of the multiclass SVM based on the current
LIBSVM implementation technique. Furthermore, VVRKFA is much
faster than the regular SVM on large problems.

Regarding the testing time, VVRKFA has shown a significant im-
provement over all three decomposition methods of multiclass SVM.
VVRKFA has a quadratic testing time complexity in � due to the cal-
culation of Mahalanobis distance. To classify a test pattern, VVRKFA
requires to evaluate expression (15) to map the feature vector in the
� -dimensional label space, and then to calculate � Mahalanobis dis-
tances in this label space by the expression (20). The complexity of
calculating (15) is ����� � ����� excluding the computation of
mapping from �-dimensional input space to �-dimensional feature
space. The inverse of the pooled within-class covariance matrix ������
is precalculated during training. Subsequently, the complexity of calcu-
lating � Mahalanobis distances (for an� class problem) in� -dimen-
sional space is�����. Thus, the total complexity becomes������
�����������. Both� and �, being the number of classes in a data
set and the number of attributes, respectively, are very small compared
to �. Therefore, the approximate complexity of testing a sample by

Fig. 5. Scatter plot of training data in label space for (a) DNA data set and
(b) waveform data set.

VVRKFA is�����. On the contrary, the testing of a sample by binary
SVM requires evaluating the expression ���� � ��	�� ��

���

��� �

��������� � ���, where �� is the number of support vectors, 
� is
the class label of the �th training sample ��, and �� is the �th Lagrange
multiplier [11]. The OVR or DAG SVM evaluates� -such expressions,
the complexity of which is ��� � �� � ��. The computational cost
of testing by OVR or DAG SVM will be higher compared to that of
the VVRKFA as �� is very large compared to � in case of nonlinearly
separable large data sets. On the other hand, the testing by OVO SVM
requires evaluating�������	 binary classifiers, the cost of which is
more than that of the VVRKFA. Experimental results in Table V verify
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these facts. As a result, we see that VVRKFA improves over the limi-
tations of decomposition techniques listed in the introduction section.

An additional advantage of VVRKFA method is that it may be useful
for analyzing the degree of seperability of the classes of a data set.
Since the high-dimensional data are classified in a subspace equal to
the number of class label, they can be used as data visualization tool
if the number of classes is two or three. For example, we have shown
the scatter plot of the DNA and waveform data set in Figs. 5(a) and (b),
respectively. As is observed from the figures, for DNA data set, the
three classes are highly separable, while, in case of waveform data set
the separability is poor. This fact is evident from the test set accuracy
of the two data sets listed in Table IV.

Another important fact to note is that the class membership proba-
bility is often needed in various data mining and decision-making ap-
plications. Our proposed VVRKA can directly estimate this class mem-
bership probability for any particular class.

The performance of the proposed method may be compared to other
dimension reduction methods, such as sparse greedy matrix approxi-
mation [37], as a future scope of the present study.

Therefore, considering all these facts and the experimental results,
it seems that VVRKFA can be an attractive alternative to that of the
multiclass SVM in terms of both computational and space complexity
in case of large data sets.
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