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Measuring Complexity

Ç Definition

ƴLet Mbe a deterministic Turing machine that halts on all inputs. The 

running timeor time complexityof M is the function f: NĄN, where f(n)is 

the running time of M, we say that Mruns in time f(n)and that M is an f(n)

time Turing machine. Customarily we use n to represent the length of the 

input

Ç Complexity Analysis

ƴWorst-case Analysis

ǒLongest running time of all inputs of a particular length

ƴAverage-case Analysis

ǒAverage of all the running times of inputs of a particular length
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Big-O and Small-o Notations

Ç Asymptotic Upper Bound (O)

ƴLet f and g be functions f, g: NĄR+. Say that f(n) = O(g(n))if positive 

integers c and n0 exist such that for every integer n Ó n0

f(n) Ò c.g(n)

ƴWhen f(n) = O(g(n))we say that g(n)is an upper bound for f(n), or more 

precisely, that g(n)is an asymptotic upper bound for f(n), to emphasize 

that we are suppressing constant factors

Ç Asymptotic Strict-Upper Bound (o)

ƴLet f and g be functions f, g: NĄR+. Say that f(n) = o(g(n))if

lim               = 0

ƴ In other words, f(n) = o(g(n)) means that, for any real number c > 0, a 

number n0 exist, where f(n) < c.g(n) for all n Ó n0
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Analyzing Algorithms

Ç Let t: NĄR+ be a function. Define the time complexity class, TIME(t(n)), to be 

the collection of all languages that are decidable by an O(t(n))time Turing 

machine

Ç Example

ƴAnalyze the TM algorithm for the language A = {0k1k| k Ó 0}

ƴThere can be different TM constructions (M1, M2, M3) deciding the language 
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ƴThe total-time taken by them is different

ǒM1 decides A in timeO(n2), therefore A�ÐTIME(n2)

ǒM2 decides A in timeO(nlogn), therefore A�ÐTIME(n.logn)

ǒM3 decides A in timeO(n), therefore A�ÐTIME(n)

4


