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Outline
Representing uncertain worlds using 
joint distributions.
Using Bayesian networks to represent 
joint distributions compactly.
Reasoning with Bayesian networks

Exact methods
Approximate methods
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The need for representing 
uncertainty

How can we represent the connection 
between symptoms and probable causes?

Attempt #1

Attempt #2

cavitytoothache → 

                           .......  ∨∨→ gumdiseasecavitytoothache
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Representing uncertain 
information using classical logic

Attempt #3

Attempt #4

toothachecavity →

                                      
.......∨∨→ fevertoothachecavity
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Classical logic is not useful
Connection between toothaches and 
cavities is not  logical consequence in either 
direction. To make it so, we need a 
complete theory of toothaches and 
cavities, which we don’t have at the 
present time.
So, what do we do?
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Idea #1: Fix classical logic. 
Default logic

In the absence of evidence to the 
contrary, believe X.
Example: 

bird
fliespenguinbird

fliespenguin
birdpenguin

→¬∧
¬→

→

flies ?
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Default logic (contd.)
Since we cannot establish penguin, 
classical logic will fail to infer flies.
Default logic will conclude penguin is 
false, if it fails to prove penguin from 
the given rules. Thus, default logic 
allows inference of proposition flies.
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Difficulties with default 
reasoning

Default reasoning is non-monotonic, and 
classical logic is monotonic.
Non-monotonic extensions to logic have 
poor computational properties, generally 
because of the need to compute ALL 
models consistent with a given set of 
defaults.
Conflicting default rules can occur where 
conflicts cannot be resolved by specificity 
(e.g., Quakers are pacifist, Nixon was a 
Quaker).
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Idea #2: add certainty factors 
to logic 

The approach of augmenting logical 
sentences with certainty factors worked in 
Mycin, an early expert system for 
diagnosing meningitis (1976).
The approach does not scale to general 
logical systems (non-Horn systems) or 
systems with deep chains of reasoning.
In a Horn system, all clauses have no more 
than one positive literal.
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Problems with grafting 
certainty factors to Horn logic

Horn logic systems offer
Locality: a rule of the form A implies B allows 
us to conclude B from A without worrying about 
anything else.
Detachment: a consequence of monotonicity. 
Once B is derived, we can detach its premises.
Truth functionality: truth of a complex 
proposition can be composed from the truth of 
its components.
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Violation of locality
Probabilistic reasoning violates 
locality.

Rain WetGrass (p1)
WetGrass Rain (p2)
Sprinkler WetGrass (p3)

Unfortunately, from these premises, it is impossible
not to conclude Sprinkler Rain (p4).
Cannot model “explaining away” because of
monotonicity of logic.

(c) Devika Subramanian, 2006 12

Violation of truth functionality
Let H1,H2 be the event that you have 
heads on the first and second flips 
respectively. Let T1 be the event of 
tails on the first flip.
P(H1) = P(H2) = P(T1) = 0.5
But P(H1 or H1) = 0.5, P(H1 or T1) = 1.0, 
P(H1 or H2) = 0.75.
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Fuzzy logic: representing 
vagueness

Fuzzy set theory is a means of specifying 
how well an object satisfies a vague 
description.
Example: John is 5’ 10” in height. Is John 
tall? 

Classical set theory requires the specification 
of a crisp boundary between tall and non-tall 
people because either someone is or isn’t a 
member of a set. 
Fuzzy set theory treats Tall as a predicate 
whose truth value is a real between 0 and 1, 
rather than just being true or false.
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Rules of fuzzy logic
Fuzzy logic is truth-functional! 
The axioms of fuzzy logic are

)(1)(
))(),(max()(
))(),(min()(

ATAT
BTATBAT
BTATBAT

−=¬
=∨
=∧

Oddly enough, T(A or not A) is not equal to 1, unless
A is one of true or false.
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Probability theory to the 
rescue

Probability theory assigns a numerical 
degree of belief (between 0 and 1) to 
states of affairs. 
Example: P(Cavity=true) = 0.1

The probability that a patient has a cavity is 
0.1.  Cavity is a proposition; a discrete random 
variable. We are stating that 10% of people 
have cavities. The probability value is simply 
the fraction of people for whom the proposition 
Cavity is true. 
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Visualizing probabilities

Cavity=true

Cavity=false
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Discrete random variables
Consider the random variable weather 
that takes values over the set 
{sunny,rain,cloudy,snow}

P(weather=sunny)=0.7
P(weather=rain)=0.2
P(weather=cloudy)=0.08
P(weather=snow)=0.02

A discrete probability distribution.
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Probability theory
Probability theory gives us a way of 
summarizing uncertainty that comes from 
our incomplete understanding of the world 
around us.
Degree of belief vs degree of truth: an 
important philosophical distinction between 
probability theory and fuzzy logic.
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Unconditional probability
The probability that an agent assigns to a 
proposition depends on the evidence it has 
received to date.
Example: P(Cavity = true) = 0.1 says that 
the unconditional or prior probability that 
a patient has a cavity is 0.1. In the absence 
of other information, there is 10% chance 
someone has a cavity.
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Axioms of probability

)()()()(  .3
0)(,1)(  .2

1)(0  .1
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falsePtrueP
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==
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Set-theoretic interpretation.
A

B
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Using the axioms of probability

)(1   )(      
0)()(   1               

)()()( )(     
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(c) Devika Subramanian, 2006 22

Another theorem

)()()( BAPBAPAP ¬∧+∧=

How can you prove this from the basic axioms?
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The axioms of probability
Are the best you can do for 
representing uncertainty.
If you gamble using them, you cannot 
be unfairly exploited by an opponent 
using some other system [diFinetti, 
1931].
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Conditional probability
P(A|B) = probability of proposition A 
given that all we know is B.

0)(,
)(

)()|( >
∧

= BP
BP

BAPBAP

)()|()( BPBAPBAP =∧The chain rule:
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Conditional probability in 
pictures

H

F

P(H)=0.1, P(F)=0.025, P(H|F)=0.5

H

F

H = I have a 
headache

F = I’m coming
down with 
the flu

Picture
not to
scale
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Making inferences
P(H)=0.1
P(F)=0.025
P(H|F)=0.5
I have a headache (H). What is the 
probability that I am coming down 
with the flu (F)?

P(F|H) = ?
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Bayes Rule

)(
)()|()|(
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Here is the derivation of the rule:
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Using Bayes rule to gamble

$1 $0

Someone draws an envelope at random and offers to
sell it to you. How much should you pay?
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Using Bayes rule to gamble

$1 $0

Before deciding, you are allowed to draw one bead from
a randomly drawn envelope.

Suppose it is black: how much should you pay?
Suppose it is red: how much should you pay?
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The significance of Bayes Rule
Bayes Rule underlies all probabilistic 
reasoning systems in AI.
It is useful because, in practice, we 
know the probabilities on the right 
hand side of Bayes Rule and wish to 
estimate the probability on the left.
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Another example of the use of 
Bayes Rule

From knowledge of conditional 
probabilities on causal relationships in 
medicine, we can derive probabilities 
on diagnoses.

P(S|M)=0.5
P(M)=1/50000
P(S)=1/20
P(M|S)=P(S|M)P(M)/P(S)=0.0002
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Do you really need Bayes Rule?
How reasonable is the assumption that you 
know P(S|M) but need to calculate P(M|S)? 
Why not estimate it directly by sampling?

)(
)()|()|(

SP
MPMSPSMP =

Reflects the way meningitis
works. Unaffected by epidemic.

increases
when
there is
an epidemic
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Normalization
We can avoid direct assessment of priors of 
evidence by considering an exhaustive set of 
hypotheses.
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In return
for assessing
P(S|not M), we
avoid assessing
P(S)


